FUNDAMENTAL GROUP OF UNIQUELY ERGODIC CANTOR 

MINIMAL SYSTEMS 

NORIO NAWATA 

Abstract. We introduce the fundamental group J^{TZG,tp) of a uniquely er- 

godic Cantor minimal G-system T^Cip where G is a countable discrete group. 

We compute fundamental groups of several uniquely ergodic Cantor minimal 

f*^ ' G-systems. We show that if "R-Ctp arises from a free action cp of a finitely 

^vj , generated abelian group, then there exists a unital countable subring i? of R 

■ such that J^CR-Cip) = ^i- We also consider the relation between fundamen- 

OJJ' tal groups of uniquely ergodic Cantor minimal Z"-systems and fundamental 

3 ' groups of crossed product C*-algebras C{X) x^ Z". 



O 



1. Introduction 



Let M be a factor of type IIi with a normalized trace r. Murray and von Neu- 
mann introduced the fundamental group J'{M) of M in |32l. The fundamental 
group of M is defined as the set of the numbers t ® Tr{p) for some projection 
2 ' P & Mn{M) such that pMn{M)p is isomorphic to M where Tr is the usual unnor- 

malized trace on M„(C). They showed that if M is hyperfinite, then T{M) = M^. 
Since then there has been many works on the computation of fundamental groups. 

fvj \ Voiculescu [42j showed that F{L{Woo)) of the group factor of the free group Foo 

^ ■ contains the positive rationals and Radulescu proved that F{L{¥ao)) = ^+ in I^U] . 

CO \ Connes ^ showed that if G is an ICC group with property (T), then F{L{G)) is a 

Oj ■ countable group. Popa showed that any countable subgroup of R^ can be realized 

as the fundamental group of some factor of type IIi in |36j . Furthermore Popa and 
Vaes [35] exhibited a large family S of subgroups of R^ , containing R^ itself, all 
of its countable subgroups, as well as uncountable subgroups with any Hausdorff 
dimension in (0, 1), such that for each H ^ S there exist many free ergodic measure 
preserving actions of Fqo for which the associated IIi factor M has the fundamental 
group equal to H. 

Popa's results are based on the study of rigidity properties of IIi factors L°° (X) xi r 

j^ ' G and orbit equivalence relations TZq.t arising from (free) ergodic measure pre- 

JH I serving actions T of countable groups G on probability measure spaces {X, /i) via 

the group measure space construction in [31]. (See also [lOj and [11] for its gen- 
eralization.) The fundamental group of TZg,t can also be defined as the set of 
numbers /i x 6{Y) for some measurable set Y m X x {1, .., n} such that TZq j,\y is 
orbit equivalent to TZg,t where 5 is the counting measure. It is easy to see that 
J'CR-Ct) C J"(L°°(X) Xt G). This inclusion may be strict. (See 6.1 in [57].) 

The result in [Q implies J-{TZg,t) = R+ whenever G is amenable. Gefter and 
Golodets [M] showed that there exist ergodic measure preserving actions having 
trivial fundamental group before Popa's result [35]. Moreover Gaboriau [13] showed 
that if 7?.F„,T is an orbit equivalence relation arising from a free ergodic measure 
preserving action T of a non-amenable free group of finite rank, then T{TZ¥^^t) = 
{1}. On the contrary, Popa and Vaes showed that for each H E S there exist 
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many orbit equivalence relations 7^Foo,t arising from free ergodic measure preserving 
actions T of Fqo such that J^{'R-¥^,t) — H . For a countable discrete group G, it is 
an interesting problem to consider how G affect F{71g.t)- 

Watatani and the author introduced the fundamental group J- {A) of a simple 
unital C* -algebra A with a normalized trace t based on the computation of Picard 
groups by Kodaka [53] , [53] and [3S] . The fundamental group J^{A) is defined as the 
set of the numbers r (g) Tr{p) for some projection p € Mn{A) such that pMn{A)p is 
isomorphic to A. We computed the fundamental groups of several C*-algebras and 
showed that any countable subgroup of R^ can be realized as the fundamental group 
of a separable simple unital C* -algebra with a unique trace in ,33, and ,34, . Note 
that the fundamental groups of separable simple unital C* -algebras are countable. 

We consider topological dynamical systems on the Cantor set in this paper. Gior- 
dano, Putnam and Skau classified Cantor minimal Z-systems up to (topological) 
orbit equivalence J17j . They also introduced the notion of strong orbit equivalence 
for Cantor minimal Z-system and showed that two Cantor minimal Z-system are 
strong orbit equivalent if and only if their associated C*-algebras are isomorphic. 
Giordano, Matui, Putnam and Skau extends the classification up to orbit equiva- 
lence of Cantor minimal systems arising from actions of finitely generated abelian 
groups ^5J and ,16J. 

In this paper we introduce the fundamental group of a uniquely ergodic Cantor 
minimal G-system Ti-Cip where G is a countable discrete group. The fundamental 
group J-{TZg,ip) of a uniquely ergodic Cantor minimal G-system TZcip is defined as 
the set of numbers jjl x 5{U) for some clopen set U in X x {1, .., n} such that TVq \u 
is (topologically) orbit equivalent to Ti-Cip where /i is a unique invariant probability 
measure and 5 is the counting measure. We show that T{TZg,ip) is a countable 
multiplicative subgroup of Ml^ . Note that we cannot show this theorem in the same 
way as in the case of ergodic measure preserving actions of countable groups on 
probability measure spaces because we do not know whether the analogous result 
of Hopf equivalence theorem (see, for example. Proposition 3.3 in [TU]) is true for 
Cantor minimal G-systems. Moreover we do not know whether fixS{Ui) = /ix (5([/2) 
implies that TZq \u-^ is orbit equivalent to TZq \u^ in general. 

We show that for any unital countable subring R of M, there exists a Cantor 
minimal Z-system TZz.tp such that J-{Tlz.^) = R^- Conversely, we also show that 
if TZg,ip arises from a free action of a finitely generated abelian group, then there 
exists a unital countable subring i? of M such that J-{TZg,v) ^ R+- Therefore 
{9" : n S Z} cannot be realized as the fundamental group of a Cantor minimal 
system in this class. 

We do not know whether there exists a relation between orbit equivalence of 
Cantor minimal G-systems and G*-isomorphism of associated G*-algebras in gen- 
eral. We show that if TZz",<fi arises from a free minimal action tp of Z" on a Cantor 
set X , then J^{C{X) xi^p Z") C J^{TZzn,ip)- Note that we do not know whether 
C{X) x^pl? belongs to classifiable classes by X-groups. We also show that there 
exists a Cantor minimal Z-system Rj,^^ such that T{C(X) x^Z) ^ J^CR-z.ip)- 

In section [5] we compute fundamental groups of several uniquely ergodic Can- 
tor minimal systems. Some computations suggest that the fundamental groups of 
Cantor minimal systems have arithmetical flavor compared with the case of ergodic 
measure preserving actions on probability measure spaces. 

2. Cantor minimal systems 

In this section we review some definitions and results on Cantor minimal systems. 
See, for example, [T^] and [TS] for details. Let X be the Cantor set, that is, X is a 
compact separable totally disconnected metric space without isolated points. For 
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a free action (^ of a countable discrete group G on X by homeomorphisms (we call 
this dynamical system the Cantor G-system), an orbit equivalence relation TZcv is 
defined by 

T^G,v> = {{x^ipgix)) e X X X :x e X,g eG}. 
For two orbit equivalence relations TZi on Xi and TZ2 on X2, we say that TZi is 
(topologically) orbit equivalent to 7?.2 if there exists a homeomorphism F of Xi onto 
X2 such that F X F{TZi) =TZ2. We denote by Aut(7?.) the set of homeomorphism 
of X such that F x F{TZ) = TZ. An orbit equivalence relation 7?, on X is said to 
be minimal if TZlx] = {y £ X : {x,y) £ TZ} is dense in X for any x £ X. An 
TZ-invariant measure is a Borel measure fj, on X such that fi is /i-invariant for any 
h £ Homeo(Ar) satisfying {x,h{x)) £ TZ for all x £ X. Let M{TZ) denote the set 
of 7?,-invariant probability measures. An orbit equivalence relation TZ is said to be 
uniquely ergodic if M{TZ) has exactly one element. These definitions coincide with 
usual definitions for topological dynamical systems. 

Assume that M{TZ) ^ (j). Let Djn{X, TZ) be a quotient group of C(X, Z) by {/ £ 
C{X, Z) : /^ fdfj. = for all ji £ M{TZ)}. This countable abelian group Dm{TZ) has 
an order structure such that the positive cone Djn{TZ)~^ is the set of all [/], where 
/ > 0. For a clopen set U of X, we denote by lu the characteristic function on 
U, that is, lu{x) = 1 ii x £ U and lu{x) = ii x ^ U. We say that two triples 
{Djn{TZi),Dra{TZi)+, [l]xi) and {Dm{TZ2), Dm{TZ2)^ , [llxs) are isomorphic if there 
exists an order isomorphism ij} of Dm{TZi) onto -Dm (''^2) such that '0([lxi]) = 
[Ixs]- A triple {Djn{TZ), Dm{TZ)^ , [1]a:) is an orbit equivalence invariant for Cantor 
minimal systems. Giordano, Putnam, Matui and Skau actually showed that this 
triple is a complete invariant for AF relations and the case where G is a finitely 
generated abelian group. (See Theorem 2.5 in [TB].) 

Remark 2.1. If i? is uniquely ergodic with an i?-invariant probability measure /j,, 
then the map T^ of Dm{TZ) into M defined by T^([f]) ~ J-^ fdfi is an order isomor- 
phism of Dra{TZ) onto T^{Dra{TZ)) C R with T^{[l]x) = 1. Moreover T^{Dra{TZ)) 
is an additive subgroup of R generated by {/i(f/) : [/ is a clopen set in X} because 
for any / £ G{X, Z), there exist clopen sets C/i, .., C/„ in X and integers mi, .., ?7t,„ 
such that / = I]fe=i ™fclc^fc • 

For a Cantor system TZg,<p and a natural number n, define an orbit equivalence 
relation 7^g.,^ on X x {!,.., n} by {{{x,i),{y,j)) : {x,y) £ TZG,<p,i,j G {l,..,n}}. 
Note that X x {1, .., n} is a Cantor set and TZq arises from an action (f oiGx Z/nZ 
on A" X TLjnlj. If TZctp is a Cantor minimal system, then TZ^ is minimal. It can be 
easily checked that for any TZ^ -invariant probability measure i^ on A x {1, .., n}, 
there exists an T^-ct^-invariant probability measure ji on X such that v ^ ji x —5 
where 5 is the counting measure on {1, ..,n}. 

Proposition 2.2. Let TZcip be a Cantor system and n a natural number. Then 

(I?„,(7^S,^), A„(7^S,^)+, [1xx{i,..m]) - (i5m(7^G,^), i?„.(7^G,^)+, n[lx]). 
Proof. Let ?/> be an order homomorphism of DmiTZcip) to D„i{TZq^^) such that 
V'([ly]) = [lyx{i}] for any clopen set V in X. It is easy to see that ip is well-defined 
and injective. For any clopen set U in X x {1, .., n}, there exist clopen sets Vi,..,Vn 
in X such that U = U^^^Vfc x {k}. Since [ly^^xffe}] = [ly^xfi}] in Dm{TZ'^,^) for 
any 1 < fc < ri, we see that tp is surjective and n^([lx]) = [lxx{i, ..,«}]■ Therefore 
we obtain the conclusion. D 

Let U he a clopen set in X. Define an orbit equivalence relation TZg,ip\u by 
T^G,v r\ U X U. If TZz,(p is a Cantor minimal Z-system, then TZz,(p\u is equal to 
the induced system TZz,ipu in [II]- It is easy to see that if TZG,(fi is minimal, then 
Ti-G,i^\u is minimal. 
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Proposition 2.3. Let Ti-c-p be a Cantor minimal system and U a clopen set in 
X. Then ttiere exists a bijective map tt of M{JZg,^) onto M{JZg,^\u) sucli tliat 
7r(/i) ~ pl\ij. Moreover we liave 

Proof. It is easy to see that tt is well-defined. Since X is compact and TZg.<p 
is minimal, there exist gi,..,g„ e G such that X = U]^^-^^fgf,{U). Put [/^ := 
<P9.(C^)\(utiV9.(C^)) for 1 < A; < n. Then we have /^(F) = ELi M^-i C^nC/^)) 
for any fi G AI{TZg,ip) and any clopen set T^ in X. Since (/s -i(y n t/fe) is a clopen 
set in U, /i is determined by ^\u- Therefore tt is injective. For any v G M{TZg^^\u), 
define a measure /x on X by n{V) = J2t=i ^(Vo"^(^ '^ ^k)) for any clopen set 
V in X. We shall show that /i is 7?.g. (^-invariant. Note that for 1 < k,j < n, 
g € G and a clopen set V in X, there exist homeomorphisms hk.j^g of U such that 
hk,j.,g{x) = X ii X ^ (Pg-i{Uk n (pg{Uj n T^)) and hk.j,g{x) = ip~^ o (^-^ o ipg^[x) if 
x e ip -i{Uk n (Pg{Uj n V)). it is clear that {x,hkj,g{x)) G 7?.g,(j3|£/ for any x €U. 
For any g ^ G and any clopen set y in X, we have 

n 

fe=l 

= E ^('^ff- (^'^ ^ ^9(u"=iC/, n y))) 

k=l 3 = 1 
n n 



X. E ''i'^k,j.g{iPg-i {Uk n (^g([/, nv)))) 

k=l 3 = 1 



n n 



}^}_^^i^g-^i^g-^iUk)nu,nv)) 

k=l 3 = 1 

n 

= E^('^ff-^K-^(u^=i^fc) ^ ^^ ^ ^)) 

Therefore we see that tt is surjective. 

Define a homomorphism -0 of -Dm(7?.G,i^)|;7 to Dm{TZG,v) by ■'/'([Iw]) = [Iw] 
for any clopen set W in U. Then it can be easily checked that tjj is an order 
isomorphism by a similar argument. D 

3. Analogous result of Brown's Lemma 

In this section we shall show the analogous result of Lemma 2.5 in [4 . Let TZg,!^ 
be a Cantor minimal system. Define an orbit equivalence relation T?,^ on X x N 
by {((x, i), (j/,j)) : {x,y) € TZG,ip,i,j G N}. Note that X x N is a locally compact 
separable totally disconnected metric space without isolated points and Ti-Gw a-rises 
from an action (^ of G x Z on X x Z. It can be easily checked that if 'R-G,ip is a 
uniquely ergodic Cantor minimal system, then 'R-'g u, is minimal and has unique (up 
to scalar multiple) 7?.^ -invariant measure. 

Lemma 3.1. Let 'R-G,if, be a Cantor minimal system on X and U a clopen set in 
X. Then there exists an injective continuous open map FofXxNtoC/xN such 
that (2/1, ya) e U^^^ if and only if (F(yi),F(j/2)) e 7^^,^. 
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Proof. Since X is compact and Ti-Ctp is minimal, there exist gi, .., <;„ G G such that 
X = ^l=i^gAU)- Put Uk := VgAU)\{^'lZhgAU)) for 1 < fc < n. Let * be 
a bijective map of {1, ..,n\ x N onto N. Define a map i^ of X x N to f/ x N by 
F{{x,i)) = ((^ -1 (a;), *I'(fc,i)) if a: € Uk for any 1 < fc < n. Then it can be easily 
checked that F is an injective continuous open map such that (2/1,2/2) G T^g v ^^ 
andonlyif(F(yl),F(y2))e7^^,^. ' □ 

The following lemma is the analogous result of Lemma 2.5 in [J]. 

Lemma 3.2. Let Tlcip be a Cantor minimal system on X and U a clopcn set 
in X. Then there exists a homeomorphism $ of f7 x N onto X x N such that 
$ X $((7^G,^|c/)°°) = 7^g',^ and $(f/ x {1}) - [/ x {1} C X x {1}. 

Proof. We shall construct a homeomorphism $ of [/ x N x N onto X x N x N. 
First, for {x,i,l) G t/ x N x N, define $((x,i,l)) = (x,i, 1) G X x N x N. Let 
F be an injective continuous open map of X x N to [/ x N in Lemma 13.11 Put 
El = F{{X X n)\{U X N)). Define $((a;,i,2)) = (i^-i((a;, i)), 1) if (x,i) e ^i 
and $((x,i,2)) = {x,i,2) if (x, i) G (L/ x K)\Ei. Put ^3 := -^((^ x K)\{{U x 
N)\i;i)). In a similar way, define $(((a;,i), 3)) = (^-^((a;, i)), 2) if (a;,i) e E2 and 
$((a;, i), 3) = (a;, i, 3) if (cc, i) G {U x N)\i?2- We construct inductively $ as follows: 
LetF„ := Fi{X xN)\{iU xN)\En-i)), and define $((a;,i,n+l)) = {F-'^{{x,i)),n) 
if {x,i) e -E„ and ^{{x,i,n + l)) = {x,i,n + l) ii {x,i) G (t/xN)\£'„. By a Cantor- 
Bernstein type argument, we obtain the conclusion. D 

4. Fundamental group 

Let "R-Cif be a uniquely ergodic Cantor minimal system with an 7?,G^ip-invariant 
probability measure /i. Put 

J'{T^G,<p) '■= {/^ X S{U) : U is a. clopen set in X x [n] such that TZcip ~ T^a.^plu} 



OE 



where 5 is the counting measure on [n] = {1, .., n}. 



Theorem 4.1. Let Ti-Cf be a uniquely ergodic Cantor minimal system with an 
7?,G^i^-invariant probability measure /i. Then T{TZg,ip) is a countable multiplicative 
subgroup of M^ . 

Proof. Put 

6(7^G,cp) = {A:^X(5oF = A/ix5,Fe Aut(7^G^^)}. 

It is easy to see that &{TIg,ip) is a multiplicative subgroup of M.'^. We shall show 
that TiUG^v) = 6(7^G.v)■ 

Let A e &(TZg,ip), then there exists a homeomorphism F of X x N such that 
^xSoF = XnxdandFx F(7^g'_^) = 7^g'_^. We see that TZg.^IxxIi} is orbit 
equivalent to '^g mI^(^x{i})- Note that T^g ip\xx{i} is orbit equivalent to TZg,ip- 
Since F{X x {!}') is compact and F{X x {!}) C U°gi{{x,k) e X xN : k = i}, 
there exist a natural number n and a clopen set U in X x {!,.., n} such that 
F{X X {!}) = U. Therefore A e J"(7^G,^). 

Conversely, let A S T{TZg,lp)- There exist a natural number n, a clopen set 
U i\i X X {!,.., n} and a homeomorphism h oi X onto [/ x {!,.., n} such that 
h X h{TZG,ip) — T^G.iplu- By Lemma [X^ there exist a homeomorphism $ of C/ x N 
onto X X {1, .., n} X N. Let ^ be a bijective map of {1, .., n} x N onto N, and define 
a homeomorphism F of X x N by F = {id x $) o $0 (/i x id). It can be easily checked 
F e Aut(7^g'^) and n x S{F{X x {!})) = fi x d{U) = A. Therefore A e 6(7^G,>^). 

It is clear that J-'{TZg,^) is countable because X is the Cantor set. D 
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Definition 4.2. Let Ti-G.^p be a uniquely ergodic Cantor minimal system with an 
^G,ip-iiivariant probability measure /i. We call J^(TZg,<p) the fundamental group of 
TZcip, which is a multiplicative (countable) subgroup of Rljl. 

Remark 4.3. (i) We need not assume that (p is free. Moreover we can define the 
fundamental group of etale equivalence relations on Cantor sets by Proposition 2.3 
in [IH]. But the associated C*-algebra C{X) xt^ G { C*{TZ) ) may not be simple. 
In this paper, we assume that ip is free. 

(ii) We do not know fi x 5{Ui) = fix 5{U2) implies that 'R-q^^\ui is orbit equivalent 
to TVq I (72 in general. It is known that if Ti-CLp is a Cantor minimal Z'^-system, 
then 'R-G,(fi satisfies the analogous result of Hopf equivalence theorem. See, for ex- 
ample, [ig (Theorem 3.20) and [53] (Theorem 6.11). 

(iii) Since M{TZg.v) ~ Ia*}' ^^ ™^y regard TZg.ip as an orbit equivalence relation 
TZg,t arising from an ergodic measure preserving action Tip on a probability mea- 
sure space {X,fi). It is clear that J-{TZG,ip) C FiJZG.T,^)- 

For an additive subgroup _B of K containing 1, we define the positive inner 
multiplier group IM+{E) of E by 

IM+{E) = {t e K^ |t e E.t^^ e E, and tE = E}. 

By Lemma 3.6 in [33], there exists a unital subring i? of IR such that IM^{E) = 
R^. Hence not all countable subgroups of R^ arise as IM^{E). For example, 
{9" € R^ \n e Z} does not arise as IM+{E) for any additive subgroup E oi R 
containing 1. 

Proposition 4.4. Let TZc.tp be a uniquely ergodic Cantor minimal system with an 
7?,(3^(p-invariant probability measure fi. Then 



HT^G.^) C /M+(^^(An(7^G,^))) = IM+{{ / /d/i : [/] e D^iTlG,^)}). 

Jx 

Proof. Let A e J-^{TIg.^)- For any clopen set U in X x {1, ..,n}, there exist clopen 
sets Vi, ..jVn in X such that U = U^^j^Vfc x {k}. Hence Theorem 14.11 implies that 
A, A~^ e T^{Dm{Ti-G.ip))- By the proof of Theorem l4. 11 there exist homeomorphisms 
Fi and F2 of X x N such that ^ x 6 o Fi = \fi x S and fi x 6 o F2 = \^^ ^ x 6. 
Let y be a clopen set in X. Then n x 5[Fi{V x {1})) = A/i(T/) and ^jl x 5[F2{V x 
{1})) = A-V(^)- Therefore we see that A^^(D„(7^G,v)) C T^{D^{nG,v)) and 
A-l^^(A„(7^G,^)) C T^(L'„,(7^G.^)) because Fi{V x {1}) and F2{V x {1}) are 
compact. Consequently A G /M+(r^(Z?„i(7^G_^))). D 

We shall show some examples. 

Example 4.5. Let p be a prime number, and let X = {0,l,..,p— 1}^. De- 
fine Lp by the addition of (1,0,0,...) with carry over the right and ip{{p — l,p — 
1,...)) = (0,0,...). Then TZz^ip is a uniquely ergodic Cantor minimal system with 
Tf,{D„i{n)) = Z[i]. Put U = {(a;„)n e X ■.xi=0}. It is easy to see that 7^z,vp|^7 is 
orbit equivalent to TZz,,^ and fJ,{U) = -. (In particular, the induced homeomorphism 
(fu is topologically conjugate to ip.) Hence 

{p" : n e Z} C J■(7^z,^) C /M+(^^(i^„(7^z,^))) = {p" : n G Z}. 
Therefore J^(7^z,v>) = {p" : n e Z}. 

Example 4.6. Let p and g be prime numbers such that gcd(jj,q) = 1, and let 
X = {0,..,p- 1}N X {0,..,g- 1}N. Define pi (resp. ^2) by <pi((a::,2/)) = (</?i(x),2/) 
(resp. <^2((a;,j/)) = (x, (^2(2/))) for {x,y) e {0,..p- 1}^ x {0,..q- l}'^ where <^i 
and ip2 are the homeomorphisms in Example 14.51 Then 7?.z2 (^^ ,^2) is a uniquely 
ergodic Cantor minimal system with T{Dm{TVj) ~ Z[i, -]. Put 1/ = {{xn)n & 
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{0, ..,p- 1}^ : xi ^ 0} and U ^ V X {0,..,q- l}'^. Then 11^2 ^^^^^^^)\U is equal 
to 7?.z2 (ip^j^^j) where ipiu is the induced homeomorphism of cpi on U. Hence it is 
easy to see that 'R-i,2,{ipi,ip2}W is orbit equivalent to 7^z2.(<^i,tp2)- Therefore we see 
that J^i'R'Z2,{ipi,ip2)) = {p"q^ : 71,171 G Z}. by a similar argument as in Example 
H31 

Example 4.7. If TZr",ip is a uniquely ergodic Cantor minimal system arising from 
a free action of a non-amenable free group of finite rank, then J^{TZy",ip) = {1} by 
Remark 14.31 (iii) and ^3j . Note that we do not know whether there exists such a 
example. 

We shall show more interesting examples in the next section. Giordano-Matui- 
Putnam-Skau classification theorem enable us to compute many examples. 

Theorem 4.8. Let TZa.ip be a uniquely ergodic Cantor minimal system arising 
from a free action of a finitely generated abelian group. Then 

^(7^G,^) = /A/+(^^(An(7^))) = im+{{ f fd^i -. [/] e A„(7^G.^)})■ 

Jx 
Proof. By the result in [T6] . 'R-Cip is orbit equivalent to a Cantor minimal Z-system. 
Hence we may assume that G = 'L. 

We have T[TIg,^) Q /M+(T;,(£'m(7^G,>^))) by Proposition US Conversely, let 
A be an element in I M^{Tf^{D„i(TZz.ip))) with A < 1. Then we see that there exists 
a clopen set U in X such that ii{U) = A by Lemma 2.5 in [50]. Define an additive 
homomorphism ijj of Tf^{D,n{TZz,ip)) by ^{t) = Xt. Then ijj is an order isomorphism 
and V'(l) = ^- Proposition 12.31 implies that 

(A,^(7^z,vlc/),A™(7^z,^|c/)+,[lc/]) = (7'p(An(7^z,^)),^^(A„(7^z,^))+,A). 

Hence TZz.tplu is orbit equivalent to TZj,,(p by Theorem 2.2 in [T^ because 7?.z,<^|t/ is 
a Cantor minimal Z-system (see Section [5] and [TT]). Therefore A € J-"(7^g,v)- O 

Corollary 4.9. If i? is a countable unital subring of M, then there exists a uniquely 
ergodic Cantor minimal Z-system TZz,,p such that J^{TZz,ip) = R+- Conversely 
if T^G,ip arises from a uniquely ergodic free action of a finitely generated abelian 
group, then there exists a countable unital subring i? of R such that T{TZg,^) = R+- 

Proof. Let i? be a countable unital subring of M.^. By Corollary 6.3 in [5T], there 
exists a uniquely ergodic Cantor minimal Z-system TZz,ip such that 

{D^{nz.v),D^{TZz,^)+, [Ix]) = {R, R+, 1). 

Therefore we see that J^{TZg.,v) = R^ by Theorem [48l 

Conversely, let Ti-Cip be a uniquely ergodic Cantor minimal system arising from 
a free action of a finitely generated abelian group. Then we have T{TZG,ip) = 
IM+{T^{D„i{Tl))) by TheoremS^l Therefore Lemma 3.6 in [33] implies that'there 
exists a countable unital subring i? of M such that J-{TZg,v) = R+- O 

By the theorem above, {9" : n G Z} cannot be realized as the fundamental group 
of a uniquely ergodic Cantor minimal system arising from a free action of a finitely 
generated abelian group. 

Let A be a simple C*-algebra with a unique trace t. The fundamental group 
J^{A) of A is defined by the set 

{r (g) Tr{p) eR^ | p is a projection in Mn{A) such that pMn{A)p ^ A} 

where Tr is the unnormalized trace on M„(C). We refer the reader to [3] for basic 
facts of operator algebras. We denote by r* the map Ko{A) — >• R induced by a 
trace r on A. By Proposition 3.7 in [33], we have T{A) C IM+{T^,{Ko{A))). If (p is 
a uniquely ergodic free minimal action of G on X, then the associated C* -algebra 
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C{X) xi^ G is a simple C*-algebra with unique trace. We do not know whether 
there exists a relation between orbit equivalence of Cantor minimal G-systems and 
G*-isomorphism of associated G*-algebras in general. But we have the following 
theorem. 

Theorem 4.10. Let TZz",ip be a uniquely ergodic Cantor minimal system arising 
from a free action of a finitely generated free abelian group Z". Then J^(C{X) x:^ 

Proof. The Gap Labeling Theorem (Theorem D.l in [3D], see also [J, g] and [H]) 
implies that 

T;(An(7^z^^)) - MKoiC'iX) ^,^ Z")). 
By Theorems;! J"(7^z",>p) = /M+(r(£i„(7ez",v))). Hence we see that J"(G(X)x^ 
Z) C J"(7^z,v) because we have HC(X) x^ Z) C IM+{n{Ko{C{X) x^ Z"))) by 
Proposition 3.7 in |33]. □ 

Note that we do not know whether C{X) X;p Z-^ belongs to classifiable classes 
by iC-groups. We shall show that there exists a uniquely ergodic Cantor minimal 
Z-system TZz,if, such that J^{C{X) x^ Z) ^ TiJZj,,^). By CoroUary 6.3 in [51] and 
[9], there exists a uniquely ergodic Cantor minimal Z-system TZz,ip such that 

Ko{C{X) x^Z) = {( — ,c) eRx Z I a,&,ce Z,fe = cmod8}, 

Xo(C(X)x^Z)+-{(A c)eXo(^): A>0}U{(0,0)} and [U]o-(l,l). 

Then we see that J"(7^z,v) = {3" : n e Z} and F{C{X) x^ Z) = {9" : ?i G Z}. See 
Example 3.12 in [5i]. 

5. Examples 

First we shall consider a generalization of Exaniple l4.5l Let {ni^i^^ be a sequence 
of natural numbers, each greater than or equal to 2 and let X = IligNlO, .., Ui — 1}. 
Define a homeomorphism ip by the addition of (1,0,0,...) with carry over the 
right and f{{ni — l,n2 — I,---)) = (OjO, ...). Then 7^z,<p is a uniquely ergodic 
Cantor minimal system. This system is called the odometer system associated 
with {7ii}i£N- For each prime number p, define ep in Z+ U {oo} by sup{?7i : 
p™ divides H^Lj^rii for some A; G N}. Let S be the set of prime numbers and 
iV := Y\„(zsP'^'' ■ We call N the super natural number. It is known that two odome- 
ter systems ^pi and Lp2 are topologically conjugate if and only if their super natural 
numbers are equal. 

Proposition 5.1. Let TZi,^ be an odometer system associated with {nijigN- Then 

^(7^z,^) = {p1"i • • • p^T" : " e N, ep. = oo, m, € N} 
where e{p) — sup{m, : p™ divides H^Lj^ni for some k £ N}. 

Proof. Since T'^(-Dm(7?.z,v3)) = {t^ • "- G ^j <Z = P™ where p is a prime number and 
0<r7i<ep,m<oo}, Theorem 14.81 implies the conclusion. D 

We shall consider fundamental groups of certain Denjoy systems. A Denjoy 
hovaeomorphism Lp is an homeomorphism of T such that the rotation number p{Lp) 
is irrational and Lp is not conjugate to a pure rotation. Such a homeomorphism has 
a unique minimal set E which is homeomorphic to the Cantor set. The restriction of 
a Denjoy homeomorphism to its unique minimal set E is called the Denjoy system. 
It is known that a Denjoy system T?,^ ,^|j, is a uniquely ergodic Cantor minimal 
system. We refer the reader to [17], [5S] and [31] for details of Denjoy systems. It is 
known that for a Denjoy homeomorphism p there exists an orientation preserving 
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surjective continuous map ft, of T to T such that hotp = Rpiipj o h where Rp(ip) is the 
rotation such that i?p(^)([t]) = [t + p{(p)]. (We regard T as {e^'^" : t € M}.) With 
notation as above, put Q{ip) = h{{z e Z : ^{h~^{h{z))) ^ 1}). The set Q{}p) is is 
countable and i?p(^) -invariant. Conversely, any countable i?p(0) -invariant subset of 
T can be realized a&Q{}p) of some Denjoy homeomorphism Lp. Markley showed that 
two Denjoy homeomorphisms t/Ji and ipi are conjugate via an orientation preserving 
conjugating map if and only if p{^\) = p{^2) and Q(ipi) = Rg{Q{(p2)) for some 

0e(O,i]. 

Proposition 5.2. Let 6 be an irrational number in [0, 1] and ipe a Denjoy home- 
omorphism with p{(pe) = and Q{(pe) = {e^'^*"^ : n e Z}. Then J-CR-^^^^^^) is 
a singly generated group. More precisely, if 9 is not a quadratic number, then 
^{T^z,<Pe\s) = {!}■ If ^ is a quadratic number, then J-{TZz,ipi,\j;) = {cg e R^ \ n £ 
Z} and the generator eo is given by eq = 2 — ~ ' '^h^re Dg is the discriminant of 9 
and t, u are the positive integers satisfying one of the Pell equations t^ — Dgv? — ±4 
and *^"^ " exceeds 1 and is least. 

Proof. By theoremlHl we see that J"(7^z,^,|^) = IM+{T^{D^{nz^^,\^))). Since 
we have T^{Djni'R-z,ipe\j:)) = Z + Z0 (see, for example, [31]), the same argument as 
in [33] (Corollary 3.18) implies the conclusion. D 

We shall show some examples. 

Example 5.3. Let 9 = ^^^. Then J"(7^z^^«|J,) = {(^^)" : n e Z}. 

Example 5.4. Let = ^5 - 2. Then J■(7^2;.^,|J,) = {(\/5 - 2)" : n e Z}. 

Example 5.5. Let 9 ^ ^. Then J"(7^z^^,|J,) = {(\/5 - 2)" : n e Z}. 

We shall consider a natural generalization to Z^- actions of Denjoy systems. Let 
9i and 02 be irrational numbers and C an countable invariant subset of T under 
the rotations Rg^ and Rg^ . We can construct a Cantor set X by disconnecting the 
circle T along any point of C. Moreover there exist commutating homeomorphisms 
tpi and ip2 of X, which are extensions of Rg-^ and Rg^ respectively. See chapter 
3 in [5], [12], Example 4.4 in [Tl] and [39] for details and precise definition. It is 
known that this Cantor Z^-system is a uniquely ergodic Cantor minimal system. 
Moreover the invariant probability measure of this Cantor minimal system comes 
from the normalized Haar measure on T. We call this Cantor system the Denjoy 
Z"^ -system associated with {9i,92,C). We need algebraic number theory of cubic 
fields to compute some examples of fundamental groups of Denjoy Z^-systems. We 
refer the reader to [H] for algebraic number theory of cubic fields. 

Example 5.6. Let TZ-^i^p be a Denjoy Z^-system associated with 9i = v^, O2 = v^ 

and C = {e2"(»^+™^) : ri,m € Z}. Then we have T^{Dm{Tij^2^^)) = Z + 
Zv/2 + Zv^I. Since Z + Zv^ -h Z^ is the ring of integers on a cubic field Q( v^), 
IM+{T^{D,n{TZj^2,^))) is the positive part of the unit group of Q{-^), which is 
equal to {(1 -I- v^-l- ^^4)" : n e Z}. (See Theorem 13.6.2 in [41;.) Therefore 
Theorem 14.81 implies 

-^(7^z^^) = {(1 + ^+ ^)" : n e Z}. 

Example 5.7. Let IZjji,^ be a Denjoy Z'^-system associated with 9i = v^, 6*2 ~ V^ 

and C = {e'^^iin^+mm) . „^^ g ^j, xhen we have Tf,{D^{Tlz2,^)) = Z + 
Z\y3 + Zv^^. Since Z + Z v^ + Z^ is the ring of integers on a cubic field Q(v^), 
IM+{T^{Dm{'R'Z^.<p))) is the positive part of the unit group of Q(-v^), which is 
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equal to {(4 + 3^+ 2v^)" : n e Z}. (See gi] or Appendix B.3 in [5].) Therefore 
Theorem 14.81 imphcs 

-^(7^z^^) = {(4 + 3^ + 2^)" : n e Z}. 

Example 5.8. Let TZz^.^p be a Denjoy Z^-system associated with 9i = 2cos^, 

02 = 4C0S2 22L and C ^ {g27Tt(n2cos^ + m4cos'' ^) . ^^^ ^ ^ ^|_ rpj^g^^ ^^ j^^^^ 

T^(£»™(7^z^./>)) = Z + Z2cos 22: + Z4cos2 2il. Note that 2 cos 2^1 is a root of the 
equation x^ +x^ — 2x—l ~ 0. Since Z + Z2 cos ^ + Z4 cos^ ^ is the ring of integers 
on a cubic field Q(2cos y-), IM+{T^[Dm{JZz^^\^))) is the positive part of the unit 
groupofQ(2cos22t), whichisequalto{(-l + 2cos22t+4cos2 2iL)«(2-4cos2 2iL)™ ; 

n,m £ Z}. (See Appendix B.4 in W.) Therefore Theorem 14.81 implies 

J'iT^z^^.p) = {(-l + 2cos^+4cos2^)"(2-4cos^^)" ■.n,me Z}. 
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